Reverses of the Triangle Inequality in Banach Spaces 

Sever S. Dragomir 



Abstract. Recent reverses for the discrete generalised triangle inequality and 
its continuous version for vector-valued integrals in Banach spaces are sur- 
veyed. New results are also obtained. Particular instances of interest in Hilbert 
spaces and for complex numbers and functions are pointed out as well. 



1. Introduction 

The generalised triangle inequality, namely 

n n 

<^||a;,||, 

i=l i=l 

provided {X, ||.||) is a normed linear space over the real or complex filed IK = M, 
C and Xi,i e {1, are vectors in X plays a fundamental role in establishing 

various analytic and geometric properties of such spaces. 

With no less importance, the continuous version of it, i.e.. 



(1.1) 



f{t)dt 



< 



\fmdt, 



where f : [a, b] d R X is a Bochner measurable function on the compact interval 
[a, b] with values in the Banach space X and ||/ (.)|| is Lebesgue intcgrable on [a, b] , 
is crucial in the Analysis of vector-valued functions with countless applications in 
Functional Analysis, Operator Theory, Differential Equations, Semigroups Theory 
and related fields. 

Surprisingly enough, the reverses of these, i.e., inequalities of the following type 



El 



< c 



\fit)\\dt<C 



with C > 1, which we call multiplicative reverses, or 

rb 



i=l 



i=l 



+ M, / \\fmdt< 



f{t)dt 



f it) dt 



with M > 0, which we call additive reverses, under suitable assumptions for the 
involved vectors or functions, are far less known in the literature. 
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It is worth mentioning though, the following reverse of the generalised triangle 
inequality for complex numbers 



cos6'E \zk\ < 



fe=i 



fe=l 



provided the complex numbers Zk, k G {1, . . . , n} satisfy the assumption 

a — 9 < arg {zk) < a + 6, for any k G {1, . . . ,n} , 

where a G R and 9 G (O, f ) was first discovered by M. Petrovich in 1917, [22] 
(see [20, p. 492]) and subsequently was rediscovered by other authors, including 
J. Karamata [14, p. 300 - 301], H.S. Wilf [23], and in an equivalent form by M. 
Marden [18]. Marden and Wilf have outlined in their work the important fact that 
reverses of the generalised triangle inequality may be successfully applied to the 
location problem for the roots of complex polynomials. 

In 1966, J.B. Diaz and F.T. Metcalf [2] proved the following reverse of the 
triangle inequality in the more general case of inner product spaces: 

Theorem 1 (Diaz-Metcalf, 1966). Let a be a unit vector in the inner product 
space {H; (•,•)) over the real or complex number field K. Suppose that the vectors 
Xi G H\ {0} , i G {1, . . . , n} satisfy 



< r < 



Re {xi , a) 



\\Xi 



Then 



iG{l,...,n}. 



i=l 

where equality holds if and only if 

n / ^ \ 



i=l 



A generalisation of this result for orthonormal families is incorporated in the 
following result [2]. 



Theorem 2 (Diaz-Metcalf, 1966). Let ai, . 
Suppose the vectors xi, . . . ,Xn G H\ {0} satisfy 



< rfe < 



Re{xi,ak} 



, a„ be orthonormal vectors in H. 
i G {1, . . . ,n} , k G {1,. . . , m} . 



Then 



E-n Eii-'ii^ 



Kk=l 



Ex, 



where equality holds if and only if 



E^i = ( E 11^*11 J ^^kak- 
i=i \i=i / fe=i 
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Similar results valid for semi- inner products may be found in [15], [16] and 
[19]. 

Now, for the scalar continuous case. 

It appears, see [20, p. 492], that the first reverse inequality for (1.1) in the case 
of complex valued functions was obtained by J. Karamata in his book from 1949, 
[14] . It can be stated as 



cos^ 



J a 



dx < 



f (x) dx 



provided 

-9 < arg f{x)<9, x € [a, b] 

for given € (O, f ) . 

This result has recently been extended by the author for the case of Bochner 
integrable functions with values in a Hilbert space H. Uhy L {[a,b]; H) , we denote 
the space of Bochner integrable functions with values in a Hilbert space H, i.e., we 
recall that / G L {[a,b]; H) if and only if f : [a,b] ^ H is Bochner measurable on 
[a, b] and the Lebesgue integral \\f {t)\\ dt is finite, then 



(1.2) 



\f{t)\\dt<K 



f 

J a 



I it) dt 



provided that / satisfies the condition 

11/ (i)|| <KRe{f (i) , e) for a.e. t € [a, b] , 

where e G ff, ||e|| = 1 and K > 1 are given. The case of equality holds in (1.2) if 
and only if 

£ f{t)dt=^^£\\f{t)\\d?j e. 

The aim of the present paper is to survey some of the recent results concerning 
multiplicative and additive reverses for both the discrete and continuous version 
of the triangle inequalities in Banach spaces. New results and applications for the 
important case of Hilbert spaces and for complex numbers and complex functions 
have been provided as well. 



2. Diaz-Metcalf Type Inequalities 

In [2], Diaz and Metcalf established the following reverse of the generalised 
triangle inequality in real or complex normed linear spaces. 

Theorem 3 (Diaz-Mctcalf, 1966). If F : X ^ K, K ^ R,C is a linear func- 
tional of a unit norm defined on the normed linear space X endowed with the norm 
ll'll and the vectors xi,. . . ,Xn satisfy the condition 



(2.1) 
then 



0<r<ReF{xi), iG{l,...,n}; 



(2.2) 



< 
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•El 



=1 



where equality holds if and only if both 

(n ^ 
i=l / 

and 

(n ^ 
E^* 
i=i / 

U X = H, {H; (•,•)) is an inner product space and F (x) = {x,e) , \\e\\ = 1, 
then the condition (2.1) may be replaced with the simpler assumption 

(2.5) 0<r|lx,|| <Rc(x,,e), i = l,...,n, 

which implies the reverse of the generalised triangle inequality (2.2). In this case 
the equality holds in (2.2) if and only if [2] 



E^ 



(2.6) 



E-^ = MEi 



Xi e. 



Theorem 4 (Diaz-Metcalf, 1966) . Let Fi,. . . , Fm be linear functionals on X, 
each of unit norm. As in [2], let consider the real number c defined by 

|2" 



c = sup 



i:T=i\Fk {x)\' 



it then follows that I < c < m. Suppose the vectors xi,. . . ,Xn whenever Xi ^ 0, 
satisfy 

(2.7) < rfe ||a;i|| < Rei^fe (ajj) , i = 1, . . . ,n, k = 1, . . . ,m. 

Then one has the following reverse of the generalised triangle inequality [2] 



(2.8) 



^2 \ 2 ^ 



Eii^^ii^ 



1=1 



E^ 



where equality holds if and only if both 
(2.9) 
and 



Fk [Y^xA =rkY\\xi\\, 
\i=i / i=i 



k = l,.... 



(2.10) 



E 

fe=i 



^4e^ 



E 



Xi 



11 X = H, an inner product space, then, for Fk {x) = {x, Ck) , where {ek}k=Tn 
is an orthonormal family in H, i.e., (cj, Cj) = Sij, i,j € {1, . . . , fc} , Sij is Kronecker 
delta, the condition (2.7) may be replaced by 

(2.11) < r/s ||a;i|| < Re(a;j,efc) , i = 1, . . . ,n, k = 1, . . . ,m; 

implying the following reverse of the generalised triangle inequality 



(2.12) 



Kk=l 



E^ 

i=l 
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where the equaUty holds if and only if 

n / ^ 

(2.13) E^^= E 



/c=l 



The aim of the following sections is to present recent reverses of the triangle 
inequality obtained by the author in [5] and [6] . New results are established for the 
general case of normed spaces. Their versions in inner product spaces are analyzed 
and applications for complex numbers are given as well. 

For various classical inequalities related to the triangle inequality, see Chapter 
XVII of the book [20] and the references therein. 

3. Inequalities of Diaz-Metcalf Type for m Functionals 

3.1. The Case of Normed Spaces. The following result may be stated [5]. 

Theorem 5 (Dragomir, 2004). Let [X, \\-\\) he a normed linear space over the 
real or complex number field K and Fj^ : X ^ K, k € {1, . . . , m} continuous linear 
functionals on X. If Xi G X\{0} , i e {l,...,n} are such that there exists the 
constants rfe > 0, k G {1,. . . , m} with X^^Li fk>Q o-nd 

(3.1) ReFk{xi)>rk\\xi\\ 

for each i e {1, . . . , n} and fc e {1, . . . , m} , then 



(3.2) 



Eii^^ii ^ 



Era 

The case of equality holds in (3.2) if both 



E^' 



(3.3) 

and 
(3.4) 



E^O E-0= E^^ El 



E^O E^ 



E^^ 

fe=i 



i=l 



E'- 



have 
(3.5) 



Proof. Utilising the hypothesis (3.1) and the properties of the modulus, we 

E^O E"0 ^ E^O 

/ n \ m n 



I :-- 



E^» 



k=l 
/ ra \ ^ 

Me^Oe 



fe=l i=l 



\k=\ 



i=l 



On the other hand, by the continuity property of F^, k e {1, 
have 



, m} we obviously 



(3.6) 



/ = 



E^O E^ 



< 



vi=l 



k=l 



E^ 

i=l 
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Making use of (3.5) and (3.6), we deduce the desired inequality (3.2). 

Now, if (3.3) and (3.4) are valid, then, obviously, the case of equality holds true 
in the inequality (3.2). 

Conversely, if the case of equality holds in (3.2), then it must hold in all the 
inequalities used to prove (3.2). Therefore we have 



(3.7) 



ReFk {xi) = Tk \\xi\ 



for each i e {1, . . . , n}, fc e {1, . . . , m} ; 



(3.8) 

and 

(3.9) 



fe=i 



\i=l 



k=l 



k=l 



i=l 



Note that, from (3.7), by summation over i and fc, wc get 



(3.10) 



Re 



\k=l 



Since (3.8) and (3.10) imply (3.3), while (3.9) and (3.10) imply (3.4) hence the 
theorem is proved. | 

Remark 1. // the norms ||_Ffe|| . fc G {1, . . . , m} are easier to find, then, from 
(3.2), one may get the (coarser) inequality that might be more useful in practice: 



(3.11) 



Eii^iii ^ 



Em 



3.2. The Ccise of Inner Product Spaces. The case of inner product spaces, 
in which we may provide a simpler condition for equality, is of interest in applica- 
tions [5]. 

Theorem 6 (Dragomir, 2004). Let (H; (•, •)) be an inner product space over the 
real or complex numher field K, Ck, Xi G H\ {0}, k € {1, . . . , m} , i € {1, . . . , n} . // 
Tfe > 0, fc G {1, . . . , m} with X^feLi fk>^ satisfy 

(3.12) Re(a;„efe) >rfe||a;,|| 

for each i £ {1, . . . , n} and k £ {1, . . . , m} , then 



(3.13) 



Eii^'ii ^ 



i=l 



Em 

The case of equality holds in (3.13) if and only if 

(3-14) E-« = Eii-'ii E^- 

i=l IIZ^fe=l ^fell \i=l / fe=l 
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Proof. By the properties of inner product and by (3.12), we have 
(3.15) 



n m 



> 



=1 k=l I 
m J n 



k=l 
m n 



> 



^ ^ Re (Xi, ek)>[J2^k]Yl \\xi\\ > 0. 



fe=l 2 = 1 



Observe also that, by (3.15), J2k=i ^fe ^• 

On utlising Schwarz's inequality in the inner product space {H; {■, •)) for a;,, 
X^feLi efc, we have 



(3.16) 



fe=l 



> 



f n m \ 

\z=l k=l I 



Making use of (3.15) and (3.16), wc can conchide that (3.13) holds. 
Now, if (3.14) holds true, then, by taking the norm, we have 



i=l 



fe=i 



i.e., the case of equality holds in (3.13). 

Conversely, if the case of equality holds in (3.13), then it must hold in all the 
inequalities used to prove (3.13). Therefore, we have 

(3.17) Re(a;j,efe) = r/s ||a;j|| 

for each i G {1, . . . ,n} and k G {1, . . . , m} , 



(3.18) 
and 
(3.19) 



k=l 



In m \ 

^ ^ -^ii ^ ] ^k 
\i=l fc=l / 



n m 



\i=i k=i I 
Prom (3.17), on summing over i and k, we get 

In ni \ / ni \ 



Re( ^a:i,^efc 
\i=l k=i I 



Kk=\ / i=l 



(3.20) 

By (3.19) and (3.20), we have 

/ 71 rn 

(3.21) (E-^'E^0 = (E-^1E 



U=l /c=l 



\k=l J i=l 



8 



S.S. DRAGOMIR 



On the other hand, by the use of the following identity in inner product spaces 

{u, v) V 



(3.22) 



u — 



\\vf 



' _ \\uf\\v\f-\{u,v)\' 

2 1 ^ ^ ^■j 



\\v 

the relation (3.18) holds if and only if 

Finally, on utilising (3.21) and (3.23), we deduce that the condition (3.14) is nec- 
essary for the equality case in (3.13). | 

Before we give a corollary of the above theorem, we need to state the following 
lemma that has been basically obtained in [4]. For the sake of completeness, we 
provide a short proof here as well. 

Lemma 1 (Dragomir, 2004). Let {H; (•,•)) be an inner product space over the 
real or complex number field K and x,a G H, r > such that: 

(3.24) ||a; - a|| < r < ||a|| . 
Then we have the inequality 

(3.25) ||a;|| (||a||^ - < Re {x, a) 
or, equivalently 

(3.26) ||a;||^ ||a||^ - [Re {x, a)f < \\xf . 

The case of equality holds in (3.25) (or in (3.26)) if and only if 

(3.27) — a|| = r and ||a;||^ + = ||a||^ . 
Proof. From the first part of (3.24), we have 

(3.28) ||a;||^ + ||a||^ - < 2 Re {x, a) . 

By the second part of (3.24) we have ^||a||^ — r^^ ^ > 0, therefore, by (3.28), we 
may state that 



(3.29) 0< ^ _ + (||af_^2\^ < 



2 Re {x, a) 



^||a||^ — r^) ^ (ll^ll^ ~ ''^y 



Utilising the elementary inequality 
1 



-q + ap> 2^Jpq, a > 0, p > 0, g > 0; 



with equality if and only if a = we may state (for a = ^||a||^ — r^) ^ , p = 1, 
II ii2x ^, ^ 



q = \\x\\ ) that 



, ,2 

^ , l|2 2 

"a - r 



(3.30) 211x11 < ll'^ll +(H 

( ||a|| — r^j 

The inequality (3.25) follows now by (3.29) and (3.30). 
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From the above argument, it is clear that the equahty holds in (3.25) if and 

only if it holds in (3.29) and (3.30). However, the equality holds in (3.29) if and 

only if \\x — a\\ = r and in (3.30) if and only if ^||a||^ — r^^ ' 
The proof is thus completed. | 



\x\\ . 



We may now state the following corollary [5]. 

Corollary 1. Let {H; (•, •)) be an inner product space over the real or complex 
number field K, e^, Xi G i?\{0}, k G {!,..., m}, i G {!,..., n}. If > 0, 
k G {1, . . . ,m} with 

(3.31) \\xi - efell < Pk< ||efe|| 

for each i G {1, . . . , n} and k G {1,. . . , m} , then 

\\T.'i'Li '7.11 



(3.32) 



i=l 



Em 
fe=l 



l|2 2 



The case of equality holds in (3.32) if and only if 

EfeLi (llefell^ -pI 



fe=l 



Proof. Utilising Lemma 1, we have from (3.31) that 

Ikill (l|efe||^ - Pfc) ^ <Re(a;i,efe) 

for each k G {1, . . . , m} and i G {1, . . . , n} . 
Applying Theorem 6 for 

jL 

^fe := (l|efe||^-Pfe)% fce{l,...,m}, 
we deduce the desired result. | 

Remark 2. //{efe}j.g|j^ are orthogonal, then (3.32) becomes 

(ELi ll^fef)' 



(3.33) 



Eii^'ii ^ 



fe=i(^l|efe|| -Pk) 
with equality if and only if 

Em j II 1 1 2 2 
fc=l IK^:fc|| - Pk 



E^i 
i=l 



E^' = 



Eii-^^'ii E^fc- 



fe=i 



i=i Er=i l|efe| 

Moreover, j/{efc}^,g|^ is assumed to be orthonormal and 

\\xi - Cfcll < Pk for k G {l,...,m} , iG {l,...,n} 
where p^ G [0, 1) for k G {1,. . . , m} , then 

(3.34) ^" " ' 



Eii^^ii^ 



i=l 



Er=i(i-PD^ 



E^ 

i=l 
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with equality if and only if 



i=l 



Efc=i (1 - Pk 



2\2 



m 



\i=l / k=l 



The following lemma may be stated as well [3] . 

Lemma 2 (Dragomir, 2004). Let {H; {■,■)) be an inner product space over the 
real or complex number field K, x,y G H and M > m > 0. If 



(3.35) 

or, equivalently, 

(3.36) 

then 
(3.37) 



Re {My — x,x — my) > 



m + M 

X 7. — y 



<\{M-m)\\y\\, 



\\x\\ \\y\\ < t; ■ ^r^^ R-e {x, y) . 



2 

The equality holds in (3.37) if and only if the case of equality holds in (3.35) and 
(3.38) = VmM ||y|| . 

Proof. Obviously, 

Re {My - x,x- my) = (M + m) Re (a;, y) - \\x\f - mM \\y\f . 
Then (3.35) is clearly equivalent to 



(3.39) 

Since, obviously, 
(3.40) 



/ — TTi, 1,2 M + m 
-Ll^ + V^\\yf<^= 
VmM VmM 



Re {x, y) 



2\\x\\ \\y\\ < 



VmM 



VmM\ 



with equality iff = VmM\\y\\ , hence (3.39) and (3.40) imply (3.37). 
The case of equality is obvious and we omit the details. | 

Finally, we may state the following corollary of Theorem 6, see [5]. 

Corollary 2. Let {H; (•, •)) be an inner product space over the real or complex 
number field K, et, Xi e H\ {0}, fee {!,..., m} , i & {!,... ,n} . If Mk > yu^ > 0, 
G {1, . . . , m} are such that either 

(3.41) Re (Mfcefe - Xi, Xi - n^eu) > 

or, equivalently, 

1 



< -(Mfe-/Xfe)||efc| 



for each k G {1,. . . , m} and i G {1, . . . ,n} , then 



(3.42) 



V||X,||< 



i=l 



Em 



1=1 
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The case of equality holds in (3.4-2) if and only if 

n ^V^fc^fc II II n m 

i=l \\2^k=l^k\\ i=i fc=l 

Proof. Utilising Lemma 2, by (3.41) we deduce 
2 • ^likMk 



llefell < Re{xi,ek) 



for each fc € {1, . . . ,m} and « e {1, . . . ,n} . 
Applying Theorem 6 for 



'"fc •= ^ ^r i^ ll^fcll ' fee {!,..., m}, 



we deduce the desired result. 



4. Dieiz-Metcalf Inequality for Semi-Inner Products 

In 1961, G. Lumer [17] introduced the following concept. 

Definition 1. Let X he a, linear space over the real or complex number field 
K. The m,apping [•,•] : X x X ^ 'K is called a semi-inner product on X, if the 
following properties are satisfied (see also [3, p. 17]^; 

(i) [x + y,z\ = [x, z] + [y, z] for all x,y,z e X; 

(ii) [Ax, y] ~ X [x, y] for all x,y € X and X € K; 

(iii) [x, x] > for all x € X and [x, a;] = implies x = 0; 

(w) I [x, y]^ <_[x, x] [y, y] for all x,y G X; 

(v) [x, Xy] = X [x, y] for all x,y G X and X gK. 

It is well known that the mapping X 3 x i — > [a;, a;] ' e M is a norm on X and 

for any y G X, the functional X 3 x i — ^ [x,y] G K is a continuous linear functional 
on X endowed with the norm ||-|| generated by [•, •] . Moreover, one has = \\y\\ 

(see for instance [3, p. 17]). 

Let (X, ll'll) be a real or complex normed space, li J : X -^2 X* is the 
normalised duality mapping defined on X, i.e., we recall that (see for instance [3, 
P- 1]) 

J (a;) = {ipG X*\^ (x) = M \\x\\ , ll^ll = ||a;||} , x G X, 

then we may state the following representation result (see for instance [3, p. 18]): 
Each semi-inner product [•,•] : X x X ^ K that generates the norm \\-\\ of 
the normed linear space {X, ||-||) over the real or complex number field K, is of the 
form 

[x, y] = ^ J (y) , a;^ for any x,y G X, 

where J is a selection of the normalised duality mapping and {(p, x) := (x) for 
(p G X* and x G X. 

Utilising the concept of semi-inner products, we can state the following partic- 
ular case of the Diaz-Metcalf inequality. 
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Corollary 3. Let {X, ||-||) be a normed linear space, [■,■] : XxX a semi- 
inner product generating the norm \\-\\ and e G X, \\e\\ = 1. Ifxi G X, i G {1, . . . ,n} 
and r >0 such that 

(4.1) r ||a;j|| < Re [aij, e] for each iG{l,...,n}, 

then we have the inequality 



(4.2) 



< 



The case of equality holds in (4-2) if and only if both 



(4.3) 

and 
(4.4) 



Li=l 



i=l 



The proof is obvious from the Diaz-Metcalf theorem [2, Theorem 3] appHed for 
the continuous Unear functional F,. (x) ~ [x,e] , x E X. 

Before we provide a simpler necessary and sufficient condition of equality in 
(4.2), we need to recall the concept of strictly convex normed spaces and a classical 
characterisation of these spaces. 

Definition 2. A normed linear space {X,\\-\\) is said to be strictly convex if 
for every x, y from X with x ^ y and \\x\\ = = 1, we have \\\x + (1 — A) y\\ < 1 
for all A e (0, 1) . 

The following characterisation of strictly convex spaces is useful in what follows 
(see [1], [13], or [3, p. 21]). 

Theorem 7. Let {X, ||-||) be a normed linear space overK and [■,■] a semi-inner 
product generating its norm. The following statements are equivalent: 
{i) {X, II -ID is strictly convex; 

(m) For every x,y G X, x,y ^ with [x,y] = \\x\\ \\y\\ , there exists a A > 
such that X = Xy. 

The following result may be stated. 

Corollary 4. Let (X, ||-||) be a strictly convex normed linear space, [•,•] a 
semi-inner product generating the norm and e, Xi {i G {1, . . . ,n}) as in Corollary 
3. Then the case of equality holds in (4-2) if and only if 



(4.5) 



i=l 



Proof. If (4.5) holds true, then, obviously 



E^* =r Ell^» 



which is the equality case in (4.2). 



•E 11^*11' 



i=l 
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Conversely, if the equality holds in (4.2), then by Corollary 3, we have that 
(4.3) and (4.4) hold true. Utilising Theorem 7, we conclude that there exists a 
/U > such that 



(4.6) ^Xi = iJ.e. 

Inserting this in (4.3) we get 



i=l 



= r^||a;i 



i=l 



giving 



(4.7) M = r^|k,||. 

Finally, by (4.6) and (4.7) we deduce (4.5) and the corollary is proved. 



5. Other Multiplicative Reverses for m Functionals 

Assume that Fk, k G {1, . . . , m} are bounded linear functionals defined on the 
normed linear space X. 
For p G [1, oo), define 

(Cp) 

and for p = oo, 



sup 



sup 



max 

l<fe<m 



\Fk{x)\ 



Then, by the fact that \Fi. {x)\ < \\Fk\\ \\x\\ for any x G X, where ||Ffc|| is the norm 
of the functional F^, we have that 



c,<ij2\m 



^fe=i 



and 



Coo < max \\Fk\\ . 

l<k<m 



We may now state and prove a new reverse inequality for the generalised tri- 
angle inequality in normed linear spaces. 

Theorem 8. Let Xi, Vk, Fk, fc € {1, . . . , m}, i G {1, . . . ,n} be as in the hypoth- 
esis of Theorem 5. Then we have the inequalities 



(5.1) 



(1 <)S^^^ < 



< 



max ||Ffe||~ 

l<fe<m 



' max {rk} \ ' max {rk} 



The case of equality holds in (5.1) if and only if 



(5.2) 



Re 



Vi=l 



^fcX^lkill for each fee {!,..., m} 



i=l 
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and 
(5.3) 



max Re 

l<k<m 



Proof. Since, by the definition of Coo, we have 



Coo > max |Ffc (a;)| , for any x € X, 

l<k<m 



then we can state, for x = Y^^=i that 



(5.4) 



> max 

l<k<m 



> max 

l<k<m 



Fk[Y.x, 

\i=l 

n 

ReY,Fk{xi) 



> max 

l<k<m 



max 

l<k<m 



n 



UtiUsing the hypothesis (3.1) we obviously have 



max 

l<k<m 



5^ReFfc(a;i) 



^i5i^„K}-Eii^^ii- 



Also, X)"^]^ Xi ^ 0, because, by the initial assumptions, not all and Xi with 
k e {!,..., m} and i G {!,..., n} are allowed to be zero. Hence the desired 
inequality (5.1) is obtained. 

Now, if (5.2) is valid, then, taking the maximum over k G {1, . . . ,m} in this 
equality we get 



max Re 

l<fe<m 



^4e^ 



i=l 



max {rk} 

l<k<m 



E^ 



which, together with (5.3) provides the equality case in (5.1). 

Now, if the equality holds in (5.1), it must hold in all the inequalities used to 
prove (5.1), therefore, wc have 

(5.5) ReFk {xi) = rk\\xi\\ for each ie{l,...,n} and A; e {1, . . . , m} 
and, from (5.4), 



i=l 



max Re 

l<k<m 



vi=l 



which is (5.3). 

From (5.5), on summing over « € {1, . . . , n} , we get (5.2), and the theorem is 
proved. | 

The following result in normed spaces also holds. 

Theorem 9. Let Xi, rk,Fk, /c G {1, . . . , m} , i £ {1, . . . ,n} be as in the hypoth- 
esis of Theorem 5. Then we have the inequality 



(5.6) 



where p> 1. 



\^ ^) \\\-~\n II — 1 i — \-^m jp 
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The case of equality holds in (5.6) if and only if 



(5.7) 
and 
(5.8) 



Re 



E 



n 

rfe^||xi|| for each k &{!,..., m} 

i=l 



fc=i 



E^ 



i=l 



Rei^fc E- 
\»=i 

Proof. By the definition of Cp, p > 1, we fiave 

t^lkir > El^*(^)l'' for any x e X, 

implying tliat 



(5.9) cl 



E^ 



^E 

m 

>E 

fc=l L 



Rei^fe (E 



> 



E 

k=l 
-\ P 



E 

fe=i 



Utilising the hypothesis (3.1), we obviously have that 



(5.10) £ 



fe=i 



5^ReFfe(a;0 



.i=l 



^E 

k=l 



.«=1 



^ReFfc(xi) 



E -HE 11-^11 

;c=i \i=i y 



Making use of (5.9) and (5.10), wc deduce 



E^ 



> E^i Eii-«ii ' 



'\fe=i 



\i=l 



which implies the desired inequality (5.6). 

If (5.7) holds true, then, taking the power p and summing over k £ {1, . . . , m} , 
we deduce 



E 

fe=l L 



Re 



E-MEii-'II ' 



k=l \i=l 



which, together with (5.8) shows that the equality case holds true in (5.6). 

Conversely, if the case of equality holds in (5.6), then it must hold in all in- 
equalities needed to prove (5.6), therefore, we must have: 

(5.11) BeFh {xi) = rk\\xi\\ for each ie{l,...,n} and kG{l,...,m} 

and, from (5.9), 



E^ 

i=l 



= E 

fe=i 



RePjY- 



vi=l 



which is exactly (5.8). 

Prom (5.11), on summing over i from 1 to n, we deduce (5.7), and the theorem 
is proved. | 
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6. An Additive Reverse for the Triangle Inequality 

6.1. The Case of One Functional. In the following we provide an alterna- 
tive of the Diaz-Metcalf reverse of the generalised triangle inequality [6] . 

Theorem 10 (Dragomir, 2004). Let {X, ||-||) be a normed linear space over the 
real or complex number field K and F : X — > K a linear functional with the property 

, n} are such that 



that \F {x)\ < \\x\\ for any x e X. If Xi e X, k-i >Q, i £ {1, . 
(6.1) (S><)\\xi\\-KeF{xi)<h for each i G {1, . 

then we have the inequality 



A, 



(6.2) 



(0<)El 



<E^« 

i=l 



The equality holds in (6.2) if and only if both 



(6.3) 



^ E^ 



-id f[y,xA = Y,\\x,\\-Y,h. 



Proof. If we sum in (6.1) over i from 1 to n, then we get 



(6.4) 



E 11^*11 - 



Taking into account that |-F (a;)| < ||x|| for each x G X, then we may state that 



(6.5) 



Re 



< 



< 



Re^^ E^ 

\i=l 

f(±x] 



< 



E^ 



Now, making use of (6.4) and (6.5), we deduce (6.2). 

Obviously, if (6.3) is valid, then the case of equality in (6.2) holds true. 
Conversely, if the equality holds in (6.2), then it must hold in all the inequalities 
used to prove (6.2), therefore we have 



and 



Re 



^\\xi\\=BB 

i=l 



Xi 



^ E^ 



+E^^ 

1 

n 

E^ 



i=l 



which imply (6.3). | 

The following corollary may be stated [6] . 

Corollary 5. Let (X, ||-||) be a normed linear space, [•,•] : X x X ^ K a 
semi-inner product generating the norm ||-|| and e € X, ||e|| = 1. If Xi £ X, ki> 0, 
i G {1, . . . , n} are such that 



(6.6) 



(0 <) \\xi II — Re [xi, e] < fc, for each i G {1, . . . ,n} , 
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then we have the inequality 

n 

(6.7) (0<)El 



n 
i=l 



The equality holds in ( 6. 7) if and only if both 



(6.8) 



.1=1 



and 



,i=l 



i=l 



Moreover, if {X, ||-||) is strictly convex, then the case of equality holds in (6.7) if 
and only if 



(6.9) 

and 

(6.10) 



Eii^^ii^E^* 



i=l 



E^^ = E 11^*11 ~E^0 



i=l 



Proof. The first part of the corollary is obvious by Theorem 10 applied for 
the continuous linear functional of unit norm F^, F,, {x) ~ [x, e] , x € X. The second 
part may be shown on utilising a similar argument to the one from the proof of 
Corollary 4. We omit the details. | 

Remark 3. If X = H, {H; (•, •)) is an inner product space, then from Corollary 
5 we deduce the additive reverse inequality obtained in Theorem 7 of [12]. For 
further similar results in inner product spaces, see [4] and [12]. 

6.2. The Case of m Functionals. The following result generalising Theorem 
10 may be stated [6] . 

Theorem 11 (Dragomir, 2004). Let {X, ||-||) be a normed linear space over the 
real or complex number field K. IfFk, k € {1, . . . , m} are bounded linear functionals 
defined on X and Xi € X, Mik > for i G {1, . . . , n}, fc e {1, . . . , m} are such that 

(6.11) \\xi\\-ReFk{xi)<Mik 

for each i G {1, . . . ,n} , k G {1,. . . , m} , then we have the inequality 



k=l 



(6.12) E 11^*11^ 

The case of equality holds in (6.12) if both 
(6.13) 

and 
(6.14) 



E^ 



^ m n 

-EE^^'^- 



i=l 



^ m / ^ \ ^ ^ m n 
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Proof. If we sum (6.11) over i from 1 to n, then we deduce 

n / n \ n 



for each k £ {1, . . . , m} . 

Summing these inequaUties over k from 1 to m, we deduce 



(6.15) 11^^ II ^ - E E ^0 + - E E 

i=l k=l \i=l / k=l i=l 



Mik. 



Utihsing the continuity property of the functionals and the properties of the 
modulus, we have 



(6.16) 



^Rei^fe E^O - 



fc=i 



vi=l 



,i=l 



< 



^Rei^J^x 
fc=i \ 

e^4e 

fe=i \i=i 



< 



/c=l 



E^ 

i=l 



Now, by (6.15) and (6.16), we deduce (6.12). 

Obviously, if (6.13) and (6.14) hold true, then the case of equality is valid in 
(6.12). 

Conversely, if the case of equality holds in (6.12), then it must hold in all the 
inequalities used to prove (6.12). Therefore we have 



n ^ m / n \ ^ m n 

eii^^ii=-ei^«^me^o+-ee 

i=l fe=l \i=l / fe=l 1=1 



ik •) 



k=l 



k=l 



E^ 



and 



^ImFfc =0. 



fe=i 



These imply that (6.13) and (6.14) hold true, and the theorem is completely 
proved. | 

Remark 4. If Fk, k e {l,...,m} are of unit norm, then, from (6.12), we 
deduce the inequality 



(6.17) 



Ell^'ll ^ 



E^ 



-j^ m n 

-EE^^^' 



k=l 1=1 



which is obviously coarser than (6.12), but perhaps more useful for applications. 

6.3. The Case of Inner Product Spaces. The case of inner product spaces, 
in which we may provide a simpler condition of equality, is of interest in applications 
[6]. 



REVERSES OF THE TRIANGLE INEQUALITY 



19 



Theorem 12 (Dragomir, 2004). Let {X, ||-||) be an inner product space over the 
real or complex number field K, ek, Xi S H\ {0} , fc € {1, . . . , m} , i € {1, . . . , n} . 
If Mik > for i & {1, . . . ,n} , {1, . . . ,n} such that 

(6.18) lla^ill -Re(x„efc) < M,fc 

for each i € {1, . . . , n} , A; G {1, . . . , m} , i/ien we /lawe the inequality 



-E 

m ^ — ^ 



efe 



k=l 



i=l 



(6.19) $^lki||< 

1=1 

T/ie case o/ equality holds in (6.19) if and only if 

n ^ m n 

(6.20) Eii^^ii>-EE^^ 

and 
(6.21) 



w m n 

-EE^^' 



fc=l i=l 



ik 



fe=l i=l 



_ m (ELi II^J - EfcLi Er=i ^ifc) V" 

' ~ iiv-"i . i|2 Z^^*;- 



i=i IIEfeLiefcll 
Proof. As in the proof of Theorem 11, we have 



k=l 



(6.22) 



n / \ '^^ n \ ^ m n 

13lki||<Re(-^efe,^x,) + -^^Mife, 

i=l \ fe=l i=l / /s=l i=l 



and YJk=i + 0. 

On utiUsing the Schwarz inequaUty in the inner product space (if; (•,•)) for 
i=i Xi, 2^k=i Sfe' "^^^ have 

n m I n m \ 

(6.23) ^Cfc > (X]^»'E^'= 

i=l fc=l \i=l fe=l / 

E^^'E''-'^ 

i=l fe=i / 

By (6.22) and (6.23) we deduce (6.19). 

Taking the norm in (6.21) and using (6.20), we have 



> 



E^' 



m (ELi w^iW - ^ Er=i Mik) 

IIEfcLiefcll 



showing that the cquahty holds in (6.19). 

Conversely, if the case of equality holds in (6.19), then it must hold in all the 
inequalities used to prove (6.19). Therefore we have 

(6.24) = Re{xi,ek) + Mik 

for each ie{l,...,n}, fce{l,...,m}. 



(6.25) 



E^ 

i=l 



fc=i 



/ n m \ 

U=l fe=l / 
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and 
(6.26) 



n m 



Im( ^Xi,^efe \ =0. 
\i=i fc=i / 

Prom (6.24), on summing over i and k, we get 

(n m \ n m n 

^a^i,^efe\ =m^||xi|l -^^Mife. 
i=l fc=l / i=l fc=l i=l 

On the other hand, by the use of the identity (3.22), the relation (6.25) holds if and 
only if 



1=1 IEfc=iCfcll fc=i 

giving, from (6.26) and (6.27), that 

^ II II v^"^ n T ^ 

y-^, _ ^E»=i lk»ll - Efc=i E»=i -^ifc ^ 

i=l IIZ^fe=iefe|| 

If the inequality holds in (6.19), then obviously (6.20) is valid, and the theorem is 
proved. | 

Remark 5. If in the above theorem the vectors {e^k}k=T^ ^'^^ assumed to be 
orthogonal, then (6.19) becomes: 



(6.28) 



n ^ / m 



1=1 



^ m n 

;^EE^- 



fe=l i=l 



Moreover, if {ek}k=Ym orthonormal family, then (6.28) becomes 



(6.29) 



Ell^'ll ^ 



i=l 



/m 
m 



E^' 

i=l 



-EE^'fe' 

m — ^ — ^ 



fe=l i=l 



which has been obtained in [121 



Before we provide some natural consequences of Theorem 12, we need some pre- 
liminary results concerning another reverse of Schwarz's inequality in inner product 
spaces (see for instance [4, p. 27]). 

Lemma 3 (Dragomir, 2004). Let (X, ||-||) be an inner product space over the 
real or complex number field IK and x,a & H, r > 0. If \\x — a\\ < r, then we have 
the inequality 

(6.30) \\x\\\\a\\-Re{x,a)<^r^. 

The case of equality holds in (6.30) if and only if 

(6.31) — o||=r and ||x|| = ||a|| . 
Proof. The condition \\x — a|| < r is clearly equivalent to 

(6.32) ||a;f + ||of < 2Re(a;,a) 
Since 

(6.33) 2||a;||||a|| < ||a;||^ + ||a||^ , 
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with equality if and only if ||a;|| = ||a|| , hence by (6.32) and (6.33) we deduce (6.30). 
The case of equality is obvious. | 

Utilising the above lemma we may state the following corollary of Theorem 12 

[6]. 

Corollary 6. Let {H; {■,■)), 

Cfe) ^6 o,s in Theorem 12. If r^fc > 0, « € 
{1, . . . , n} , fee {1, . . . , to} such that 

(6.34) \\xi — ek\\<rik for each {!,..., n} and k & {1, . . . ,m} , 

then we have the inequality 



(6.35) 



< 



i=l 



-E 

TO f-^ 



efe 



^ rn n 

2to 



ik' 



The equality holds in (6.35) if and only if 
and 

n 

E^' = 



i=l 



fc=l i=l 



i=l 



IIEfeLi I 



E 

fe=i 



efe. 



The following lemma may provide another sufficient condition for (6.18) to hold 
(see also [4, p. 28]). 

Lemma 4 (Dragomir, 2004). Let {H; (•, •)) be an inner product space over the 
real or complex number field K and x,y <E M > m > Q. If either 

(6.36) Re {My — x,x — my) > 

or, equivalently, 



(6.37) 
holds, then 
(6.38) 



m + M 

X 7i — y 



<^{M-m)\\y\\, 



^ , , 1 (M -m) „ „2 

IfII Ibll - ^e{x,y) <-■ _ , \\y\\ . 



4 m + M 

The case of equality holds in (6.38) if and only if the equality case is realised in 
(6.36) and 

II II M + m 
= — 2 — 

The proof is obvious by Lemma 3 for a = ^^-^y and r — ^ {M — to) ||y|| . 
Finally, the following corollary of Theorem 12 may be stated [6]. 

Corollary 7. Assume that {H, (•, •)) , e^, Xi are as in Theorem 12. If Mik > 
mik > satisfy the condition 

Re (MfeCfe - Xi,Xi- /UfeCfe) > 

for each i G {1, . . . ,n} and k G {1,. . . , to} , then 
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7. Other Additive Reverses for m Functionals 

A different approach in obtaining other additive reverses for the generahsed 
triangle inequality is incorporated in the following new result: 

Theorem 13. Let {X, ||-||) be a normed linear space over the real or complex 
number field K. Assume Fk , k € {1, . . . . m} , are bounded linear functionals on 
the normed linear space X and S A, i e {1, . . . , n} , Mj^ > 0, i G {1, . . . , n} , 
k G {1, . . . , m} are such that 

(7.1) \\xi\\-ReFk{xi) < Mik 

for each i G {1, . . . , n} and k G {1,. . . , m} . 

(i) // Coo is defined by (coo), then we have the inequality 



(7.2) 



i=l 



E 



Xi 



fe=l i=l 



(ii) If Cp is defined by (cp) for p > 1, then we have the inequality: 



(7.3) 



Proof, (i) Since 



then we have 



n ^ n ^ m n 

Y,\\xi\\<—cp Y^xi +-EE^*^- 

. . rnp • - III' ... . 



1=1 



fe=l i=l 



max ||Ffe (a;)|| < Coo for any a; e A, 

\<k<m 



E 



fe=i 



< m max 

l<fe<m 



Using (6.16), we may state that 

-E^^^^^ E- 



FkyY^Xi 



i=l 



< Co 



< mCo 



E^' 



i=l 



fe=l 



E^ 



which, together with (6.15) imply the desired inequahty (7.2). 
(ii) Using the fact that, obviously 

Y.\Fk{x)\n <cp\\x\\ for any A, 
then, by Holder's inequality for p > 1, i + i = 1, we have 



E 

k=l 



< mi [Y, 



Fk I^E^* 



< CpTW' 



E^ 



which, combined with (6.15) and (6.16) will give the desired inequality (7.3). 
The case p=l goes likewise and we omit the details. | 
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Remark 6. Since, obviously Coo < max ||Ffe|| , then from (7.2) we have 



l<k<r 



(7.4) Elk4l<,nia/ {ll^'felll 



i=l 



i=l 



^ m n 



fe=l i=l 



Finally, since Cp < W^klf)" ,P > 1, hence by (7.3) we have 



(7.5) 



El 



XiW < 



m 



E^ 



^ m n 

-EE^^^- 



fc=l i=l 



The following corollary for semi-inner products may be stated as well. 

Corollary 8. Let {X, \\-\\) he a real or complex normed space and [•, ■] : X x 
X ^ a semi-inner product generating the norm ||-|| . Assume Ck, Xi € H and 
Mik > 0, i e {1, . . . , n} , fc e {1, . . . , m} are such that 

(7.6) ||a;i|| - Re[a;j,efc] < Mjfe, 

for any i G {1, . . . ,n} , k G {1, . . . ,m} . 

(i) If 

'maxi<fe<„ \ [x,ek] 



doo ■= sup 
then 

n 

(7.7) E 11^*11 ^'^o 



< max et 

l<k<n 



i=l 



E^ 

i=l 



-. m n 

-EE^^^ 



fc=i 1=1 



< max Cfe 

l<fc<n 



E^ 



^ m n > 

-EE^^^fc 

TO ^ 



fe=l i=l 



(ii) ^/ 



dp := sup < 
where p> 1, then 



/EfeLi \{x,ek]f 



< 



El 



{7.i 



n ^ n ^ m n 

• ~ TUP • - TO ... , 



< 



m 



E^ 

i=l 



^ m n 

-EE^^" 

fe=i 1=1 



8. Applications for Complex Numbers 

Let C be the field of complex numbers. If z = 'Rjez + ilmz, then by |- : C 
[0, oo), p G [1, oo] we define the p— modulus of z as 

max{|Re2:| , |Im2;|} if p = oo, 



{\Rez\^ + \Imzf)^ ifpe[l,oo), 
where lal , a e M is the usual modulus of the real number a. 
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For p = 2, we recapture the usual modulus of a complex number, i.e., 

\z\^ = \J\Rez\^ + \lmz\^ = \z\, z G C. 

It is well known that ^C, \ -\^ , p & [l,oo] is a Banach space over the real number 
field M. 

Consider the Banach space (C, |-|;^) and F : C ^ C, F [z) = az with a G C, 
a^O. Obviously, F is linear on C. For ^ ^ 0, we have 



\F{z)\ \a\\z\ 



\a\ \J\Rez\'^ + |Im^;| 
|Re2;| + |Im2:| 



< a . 



Since, for zo = 1, we have \F {zo)\ = \a\ and |^oli = 1, hence 

11^^11,:= sup^M = |a|, 

z^O \Z\i 

showing that F is a bounded linear functional on (C, and = \a\ . 

We can apply Theorem 5 to state the following reverse of the generalised triangle 
inequality for complex numbers [5]. 

Proposition 1. Let at, Xj e C, k e {1, . . . ,m} and j e {1, . . . ,n} . If there 
exist the constants rfc > 0, fc G {1, . . . , to} with fk>0 and 

(8.1) Tfe [|Re Xj I + |Im Xj \] <Reak ■ Re Xj — Im • Im xj 
for each j e {1, . . . , n} and A: G {1, . . . , to} , then 

(8.2) ^[|Rex,| + |Imx,|]<%|ri^ 

j=l 2^k=l 

The case of equality holds in (8.2) if both 

Re ^ aft Re ^ - Im ( ^ aft j Im I ^ ; 



n 

^Rexj 


+ 


n 

^Imxj 









^rft W][|Rex,| + |Ima;,|] 



k=l 





n 




n 




^Rexj 


+ 


^Imxj 








i=i 



The proof follows by Theorem 5 applied for the Banach space (C, |-|^) and 
Fk {z) = CbkZ, fee {1, . . . , to} on taking into account that: 



fe=i 



E"fc 
fe=i 



Now, consider the Banach space (C, |-|;^) . If F {z) = dz, then for ^ ^ we have 



\F{z)\ _ \d\\z\ _ \d\^\Rez\ +\lmz\ ^ ^ 
\z\oo l^loo max{|Re2;|,|Im^;|} 
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Since, for zo = I + i, we have \F (zo)| = V^\d\ , \zo\^ = 1, hence 

showing that F is a bounded Unear functional on (C, \-\^) and = V^MI • 

If we apply Theorem 5, then we can state the following reverse of the generalised 
triangle inequality for complex numbers [5]. 

Proposition 2. Let ak, Xj e C, k e {I, . . . , m} and j e {1, . . . , n} . If there 
exist the constants rfc > 0, fc e {1, . . . , m} with X^I'Li ''fe > o-iT-d 

rk max { |Re Xj | , |Im x^- 1 } < Re • Re xj — Im Ofe • Im xj 

for each j G {1, . . . , n} and k G {!,..., m} , then 

n 

(8.3) y~^max{|ReXj| , |ImXj|} 

3=1 



< 



V2.^^max. 



^Rexj 



^Imxj 



The case of equality holds in (8.3) if both 

Re ^ Ofc Re ^ Xj - Im ^ Im | ^ ; 



\k=l 



= [ ^ '"fc I max { |Re Xj I , |Im Xj \ } 





m 




n 




n 




x/2 




max ^ 


^Rexj 


1 


^Imxj 


1 




fe=i 













Finally, consider the Banach space ^C, H2p) with p > 1. 
Let F : <C ^ C, F {z) = cz. By Holder's inequality, we have 



|F(^)| \c\^\R.ez\^ + \lxnz\ 



— < 22 2p |c| . 



I^'^f (iRe^l^^ + IIm^l^*')'" 
Since, for 2:0 = 1 + i we have \F {zq)\ = 25 |c| , |2ol2p = (p > 1) , hence 
M2.:=-p^=2i-^|c|, 

showing that F is a bounded linear functional on ^C, \-\2pj , P > 1 and ||F||2p = 

25-57 |c| . 

If we apply Theorem 5, then we can state the following proposition [5]. 
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Proposition 3. Let at, Xj e C, k e {1, . . . , m} and j e {1, . . . , n} . // there 
exist the constants ru > 0, k G {1, . . . , m} with J2T=i > and 



for each j G {1, . . . , n} and k G {!,..., m} , then 



(8.4) ^ [|Rearjf^ + |Ima:,f^ 



The case of equality holds in (8.4) if both: 







2p 




2p- 




n 




n 






^Rexj 


+ 

















Re I E Ofc Re E - Im ^ Im ^ ; 



\3 = 1 



\k=l 



2p 



Kk=l / 3=1 



1 1_ 

= 22 2p 



rn 






n 


2p 


n 


2p" 








^Rexj 


+ 


^Imxj 




fe=i 















Remark 7. If in the above proposition we choose p = 1, then we have the 
following reverse of the generalised triangle inequality for complex numbers 



Tb I \m I 



provided Xj,ak, j G {1, ■ ■ ■ ,n}, k G {1,. . . , m} satisfy the assumption 

Tk \xj\ < Re Ofc • Re xj — Im afc • Im xj 

for each j G {!,..., n}, k G {1, . . . , m} . Here \-\ is the usual modulus of a complex 
number and rk > 0, k G {1, . . . , m} are given. 

We can apply Theorem 11 to state the following reverse of the generalised 
triangle inequality for complex numbers [6]. 

Proposition 4. Let Ok, xj G C, k G {1, . . . , m} and j G {1, . . . , n} . If there 
exist the constants Mjk > 0, k G {1, . . . , m} , j G {1, . . . , n} such that 



(8.5) 



|Re Xj I + |Im a;j I < Re a/; • Re Xj — Imak- Im Xj + Mjk 
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for each j e {1, . . . , n} and A; G {1, . . . , m} , then 



(8.6) 5][|Rea;,-| + |Imx,-|] 



< 



m 




n 




n 








+ 




fe=i 











fe=i i=i 



The proof follows by Theorem 11 applied for the Banach space (C, |-|^) and 
Fk {z) = ttkZ, k £ {1,. . . , m} on taking into account that: 



fe=i 



fe=i 



If we apply Theorem 11 for the Banach space (C, H;^), then we can state the 
following reverse of the generalised triangle inequality for complex numbers [6] . 

Proposition 5. Let au, a;j G C, fc e {1, . . . , m} and j G {1, . . . ,n} . If there 
exist the constants Mjk > 0, k G {1,. . . , m} , j G {1, . . . , n} such that 

max { |Re I , |Im Xj\} < Re ak ■ Re xj — Im a/j • Im Xj + Mjk 

for each j G {1, . . . , n} and k G {1, . . . , m} , then 



(8.7) y~^max{|Rea;j| , |Ima;j|} 

3=1 



< 



V2 



m 




n 




n 




E°fc 


max ^ 


^Rexj 




^Imxj 


1 


k=l 




i=i 




i=i 





fc=l 3 = 1 



Finally, if wc apply Theorem 11, for the Banach space ^C, \ -\2pj with p > 1, 
then we can state the following proposition [6]. 

Proposition 6. Let ak, xj, Mjk be as in Proposition 5. If 



|Rea;,f^ + llmxjf^ 



< RcGk ■ Re Xj — Im ak ■ Im Xj + Mjk 

for each j G {1, . . . , n} and k G {1, . . . , m} , then 

1 

i2p 2p 



(8.8) ^ pReXjfP + lIm: 



3=1 



< 



where p > 1. 



1 i_ 

22 2p 



m 



m 




n 


2p 


n 


2p" 


E"fc 
fc=i 




^Rexj 

3 = 1 


+ 


^lm.Xj 

3 = 1 





fe=i j=i 



Remark 8. If in the above proposition we choose p = 1, then we have the 
following reverse of the generalised triangle inequality for complex numbers 
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provided Xj,ak, j & {1, . . . , n}, fee {1, . . . , m} satisfy the assumption 

\xj \ < Re Ok ■ Re Xj — Im ■ Ini xj + Mjj^. 

for each j G {1, . . . , n}, k S {1, . . . , m} . Here \-\ is the usual modulus of a complex 
number and Mjk > 0, j e {1, . . . , n}, k G {1,. . . , m} are given. 

9. Karamata Type Inequalities in Hilbert Spaces 

Let / : [a, 6] ^ K, K. = C or R be a Lebesgue integrable function. The following 
inequality, which is the continuous version of the triangle inequality 



(9.1) 



/ f{x)dx < I \f{x)\dx, 

J a J a 



plays a fundamental role in Mathematical Analysis and its applications. 

It appears, sec [20, p. 492], that the first reverse inequality for (9.1) was 
obtained by J. Karamata in his book from 1949, [14]. It can be stated as 



J a 



(9.2) cos 61 / \f{x)\dx< / f{x)dx 

provided 

-6 < arg f{x)<6, x € [a, b] 

for given 6 G (O, f ) . 

This result has recently been extended by the author for the case of Bochner 
integrable functions with values in a Hilbert space H (sec also [10]): 

Theorem 14 (Dragomir, 2004). /// G L ([a, b] ; H) (this means that f : [a, b] 
H is Bochner measurable on [a, b] and the Lebesgue integral jj^ \\f {t)\\ dt is finite), 
then 



(9.3) 



\\f{t)\\dt<K 



f{t)dt 



provided that f satisfies the condition 

(9.4) \\f{t)\\<KRe{f{t),e) for a.e. t G [a,b] 

where e G H, \\e\\ = 1 and K > 1 are given. 

The case of equality holds in (9.4) if and only if 



(9.5) 



[f{t)dt=Uj\\f{t)\\dt\ e. 



As some natural consequences of the above results, we have noticed in [10] 
that, if p e [0, 1) and f G L {[a, b] ; H) are such that 



(9.6) 
then 

(9.7) 



11/ (i) - eJI < p for a.e. t G [a, b] , 

^/rr^ [''\\fmdt< ff{t)dt 

J a J a 
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with equality if and only if 



f f{t)dt = ^/rr^l [' 

J a \J a 



\fmdt\-e. 



Also, for e as above and if M > m > 0, f G L {[a,b] ; H) such that either 
(9.8) Re {Me -f{t),f {t) - me) > 

or, equivalently. 



(9.9) 

for a.e. t € [a, b] , then 

(9.10) r 11/(^)11 

J a 



f (t) ^ — e 



< -(M-m) 



dt < 



M- 



2VrnM 



['fit) 

J a 



dt 



with equality if and only if 

rb 



/ 

J a 



f{t)dt = 



2VmM 
M + m 



/ ll/WII 

L J a 



dt\ -e. 



The main aim of the following sections is to extend the integral inequalities 
mentioned above for the case of Banach spaces. Applications for Hilbert spaces 
and for complex-valued functions are given as well. 



10. Multiplicative Reverses of the Continuous Triangle Inequality 

10.1. The Case of One Functional. Let (X, ||-||) be a Banach space over the 
real or complex number field. Then one has the following reverse of the continuous 

triangle inequality [11]. 

Theorem 15 (Dragomir, 2004). Let F be a continuous linear functional of unit 
norm on X. Suppose that the function f : [a,b] ^ X is Bochner integrable on [a, b] 
and there exists a r > such that 



(10.1) 

Then 

(10.2) 



r\\f{t)\\<ReF{f{t)) for a.e. te[a,b]. 



-f''\\fmdt< I 

J a J a 



f (t) dt 



where equality holds in (10.2) if and only if both 



(10.3) 

and 

(10.4) 



F 



f {t) dt 



f{t)dt 



Wfmdt 



f{t)dt 
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Proof. Since the norm of F is one, then 

\F{x)\ < \\x\\ for any x £ X. 
Applying this incquahty for the vector / (t) dt, we get 



(10.5) 



> 



F 



f{t)dt 



nt)dt 

\J a 

Now, by integration of (10.1), we obtain 
(10.6) 



dt 



ReF{f {t))dt 



I ReF{f{t))dt>r f ||/(t)||di, 

J a J a 



and by (10.5) and (10.6) we deduce the desired inequaUty (10.1). 

Obviously, if (10.3) and (10.4) hold true, then the equality case holds in (10.2). 

Conversely, if the case of equality holds in (10.2), then it must hold in all the 
inequalities used before in proving this inequality. Therefore, we must have 



(10.7) 



r||/(i)|| =Rei^(/(i)) fora.e. te [a,6], 



ImF 



(10.8) 
and 
(10.9) 

Integrating (10.7) on [a,b], we get 



/ (t) dt] = 







f f{t)dt 




J a 





(10.10) 



7' 

J a 



\\f{t)\\dt = ReF 



/ fit) 



dt 



On utilising (10.10) and (10.8), we deduce (10.3) while (10.9) and (10.10) would 
imply (10.4), and the theorem is proved. | 

Corollary 9. Let {X, ||-||) be a Banach space, [■,■]: X x X ^ R a semi-inner 
product generating the norm \\-\\ and e G X, ||e|| = 1. Suppose that the function 
f : [a,b] ^ X is Bochner integrable on [a, b] and there exists ar >0 such that 



(10.11) 

Then 

(10.12) 



r\\f{t)\\<Re[f{t),e] for a.e. t€[a,b]. 



■f''\\fmdt< f f{t)dt 

J a J a 



where equality holds in (10.12) if and only if both 



(10.13) 



/ f{t)dt,e =r / 

J a J a 



wfmdt 
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and 



(10.14) 



J a 



f (i) dt, e 



f{t)dt 



The proof follows from Theorem 15 for the continuous linear functional F {x) = 

[x, e] , X G X, and we omit the details. 

The following corollary of Theorem 15 may be stated [8]. 

Corollary 10. Let (X, ||-||) be a strictly convex Banach space, [•, •] : X x 
X ^ K a semi-inner product generating the norm \\-\\ and e G X, \\e\\ = 1. // 
/ : [a, b] X is Bochner integrable on [a, b] and there exists a r > such that 
(10.11) holds true, then (10.12) is valid. The case of equality holds in (10.12) if 
and only if 

(10.15) jj{t)dt = r(^j\\f{t)\\dt^e. 

Proof. If (10.15) holds true, then, obviously 



f fit) 

J a 



dt 




T turn 

J a 



dt. 



which is the equality case in (10.12). 

Conversely, if the equality holds in (10.12). then, by Corollary 9, wc must have 
(10.13) and (10.14). Utilising Theorem 7, by (10.14) we can conclude that there 
exists a /i > such that 

(10.16) / f{t)dt = ne. 

J a 

Replacing this in (10.13), we get 

rb 



= r[ Wfmdt, 

J a 



giving 



(10.17) M = r / Wfmdt. 

J a 

Utilising (10.16) and (10.17) we deduce (10.15) and the proof is completed. | 

10.2. The Case of m Functionals. The following result may be stated [8]: 

Theorem 16 (Dragomir, 2004). Let {X, ||-||) be a Banach space over the real 

or complex number field K and Fk : X ^ K, k G {l,...,m} continuous linear 
functionals on X. If f : [a, b] X is a Bochner integrable function on [a, b] and 
there exists rk > 0, k G {1, . . . , m} with J2k=i ^fe > 

(10.18) rfe||/(i)|| <ReFfe(/(t)) 
for each k G {1,. . . , m} and a.e. t G [a, b] , then 



(10.19) 



Al/WII 

J a 



dt < 



Em 



k=l^k\ 



f f{t) 
J a 



dt 
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The case of equality holds in (10.19) if both 
(10.20) 



and 
(10.21) 



dt 



fc=i 



Proof. Utilising the hypothesis (10.18), we have 



(10.22) 



I := 



k=l 

> Re 



m / „f, 



> 



.fc=l 



/(i)rfi 



^ / ReFkf{t)dt 
k=i V'' 



On the other hand, by the continuity property of F^, fc e {1, . . . , m} , we obviously 
have 



(10.23) 



1 = 



f{t)dt 



< 



E^^ 

k=l 



f it) dt 



Making use of (10.22) and (10.23), we deduce (10.19). 

Now, obviously, if (10.20) and (10.21) are valid, then the case of equality holds 
true in (10.19). 

Conversely, if the equality holds in the inequality (10.19), then it must hold in 
all the inequalities used to prove (10.19), therefore we have 

(10.24) rfc||/(i)|| =Rei^fc(/(i)) 

for each k £ {1, . . . , m} and a.e. t G [a, b] , 



(10.25) 



(10.26) ^^{flFk^ fit)dt^ 



E^^ 

fc=i 



/ (t) dt 



Note that, by (10.24), on integrating on [a, b] and summing over k £ {1,. . . , m} , 
we get 

(10.27) Re (^J2 ( / (^) = (E 11/ dt. 

Now, (10.25) and (10.27) imply (10.20) while (10.25) and (10.26) imply (10.21), 
therefore the theorem is proved. | 



The following new results may be stated as well: 
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Theorem 17. Let (X, j|-||) he a Banach space over the real or complex number 
field K and Fk '■ X ^ fc S {1, . . . , m} continuous linear Junctionals on X. Also, 
assume that f : [a,b] ^ X is a Bochner integrable function on [a, b] and there exists 
Tfe > 0, fc G {1, . . . , m} with J2T=i > and 

r,\\fm<ReF,{f{t)) 

for each k G {1, . . . , m} and a.e. t G [a, b] . 

(i) If Coo is defined by (coo), then we have the inequality 



(10.28) 



(1<) 



with equality if and only if 



< 



maxi<fc<T7t ||i^fc|| 
niaxi<fe<„{rfc} V~ maxi<fe<„{rfc} 



< 



Re(Ffe) 

for each k G {1,. . . , m} and 

Re 



n / 11/ (1)11 <« 



max 

l<fe<m 



{Fk)lJ^ fit) 



dt 



\\f{t)\\dt. 



(a) If Cp,p > 1, is defined by (cp) , then we have the inequality 



(1 <)£MM^< 



i:f{t)dt iEZi rlY' 
with equality if and only if 



< 



Z^fe=l 



Re(Ffe) ^ fit) 
for each k G {1,. . . , m} and 



dt 



E 

k=l 



ReFk 



f (t) dt 



Tk / umdt 



f{t)dt 



where p>l. 



The proof is similar to the ones from Theorems 8, 9 and 16 and we omit the 
details. 

The case of Hilbert spaces which provides a simpler condition for equality is of 
interest for applications [8]. 

Theorem 18 (Dragomir, 2004). Let {X,\\-\\) he a Hilbert space over the real 
or complex number field K and Ck € -ff\ {0} , k G {1, . . . , m} . If f : [a, b] ^ H is a 
Bochner integrable function and > 0, k G {1, . . . , m} and XifeLi ^fe > satisfy 

(10.29) rk\\f{t)\\<Re{fit),ek) 

for each k G {1,. . . , m} and for a.e. t G [a, 6] , then 

rb 



(10.30) 



f\\f{t)\\dt<^^^^ 



I fit) 
J a 



dt 



34 



S.S. DRAGOMIR 



The case of equality holds in (10.30) for f ^ a.e. on [a, 6] if and only if 



(10.31) 



iiEr=ie.r 

Proof. Utilising the hypothesis (10.29) and the modulus properties, we have 



(10.32) 



V'' fe=i 



efc 



^Re( / f{t)dt,ek 

k=i V'' 

m 



f{t)dt,ek^ 
dt 



/ m 



\\f{t)\\dt. 



By Schwarz's inequality in Hilbert spaces applied for / {t) dt and ^fe' 
have 



(10.33) 



/ {t) dt 



k=l 



> 



I „b m \ 

/ /(i)di,^efe 
\-''^ fe=i / 



Making use of (10.32) and (10.33), wc deduce (10.30). 

Now, if / ^ a.e. on [a, b] , then /^^ ||/ {t)\\ dt ^ and by (10.32) J^L^ ^ 0. 
Obviously, if (10.31) is valid, then taking the norm we have 



f{t)dt 



{i:T=irk)j^\\fmdt 



IIELiefcll 



51 efc 
fc=i 



Em 
fe=l 



umdt, 



llEr=iefe|| Ja 

i.e., the case of equality holds true in (10.30). 

Conversely, if the equality case holds true in (10.30), then it must hold in all 
the inequalities used to prove (10.30), therefore we have 

(10.34) Re(/(t),efe) = rfe||/(i)|| 

for each k G {1, . . . , to} and a.e. t S [a, b] , 



f fit) 

J a 



dt 



fe=i 



/ f{t)dt,Y,ek 

r« fe=i / 



(10.35) 
and 
(10.36) 

From (10.34) on integrating on [o, 6] and summing over k from 1 to m, we get 
(10.37) Re i 



Im/y f{t)dt,J2ekj=0. 



I / f{t)dt,Y,ek) = [Y.rA / wimdt, 

V"' fe=i / \k=i J ■'^ 
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and then, by (10.36) and (10.37), wc have 



k=i I 



Vfe=l / 



\\f{t)\\dt. 



On the other hand, by the use of the identity (3.22), the relation (10.35) holds 
true if and only if 



(10.39) 



f f{t)dt = 

J a 



IIEfeLi efcll 



fe=i 



Finally, by (10.38) and (10.39) we deduce that (10.31) is also necessary for the 
equality case in (10.30) and the theorem is proved. | 

Remark 9. If {ek}ke{i,...,m} ^'''^ orthogonal, then (10.30) can he replaced by 



(10.40) 



J a 



dt < 



(ELille.ir 

Em 
fc=l 



f{t)dt 



with equality if and only if 



(10.41) 



f f{t)dt = 

J a 



{T.u=iru)ta\\fmdt 



E 



efe. 



Era II i\Z 
fe=l iPfeil k=l 

Moreover, "''^ orthonormal, then (10. 40) becomes 



(10.42) / ||/(i)|| 

with equality if and only if 
(10.43) 



dt < 



Em 
k=l ^k 



f it) dt 



/w^* = -(EM (/ wfrndtj^ck. 

The following corollary of Theorem 18 may be stated as well [8]. 

Corollary 11. Let (H; (•, •)) be a, Hilbert space over the real or complex num- 
ber field K and e^ € i?\ {0} , k G {l,...,m}. // / : [a,b] ^ H is a Bochner 
integrable function on [a, b] and pj. > 0, fc e {1, . . . , m} with 

(10-44) ||/(i)-efc|| <p, < lle^ll 

for each k G {1,. . . , m} and a.e. t G [a, b] , then 



(10.45) 



\\fmdt< 



Em I 
fe=l ^k\\ 



EfeLi (llefcll^ -Pfe 



f{t)dt 



The case of equality holds in (10.4-5) if and only if 



(10.46) 



/ fit) 

J a 



dt = 



IIEfcLiefel 



/ \\fmdt]Yek. 

y« / fc=i 
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Proof. Utilising Lemma 1, wc have from (10.44) that 

\\fm{\\ekf-pl)^<Re{f{t),ek) 

for any k E {!,..., m} and a.e. t G [a, b] . 
Applying Theorem 18 for 

r-fe := (llefell^ -Pfe)' , ke {!,..., m}, 
we deduce the desired result. | 

Remark 10. If {ek}ke{i,... 7n} ^'"^ orthogonal, then (10.45) becomes 

(Er=iiie^f)' 



(10.47) 



\fmdt< 



Em /ll „ i|2 o 
fe=i(^l|efc|| -Pk 



y 



f{t)dt 



with equality if and only if 



(10.48) 



f f{t)dt = 



Pk 



Em II 11 z 
fe=i Ik-fell 

Moreover, if {ek}ke{i m} assumed to he orthonormal and 

\\f{t)-ek\\<Pk for a.e. t & [a,b\ , 
where € [0, 1), A; € {1, ... , m}, then 



\\f{t)\\dt)j2ek. 



k=l 



(10.49) [ \\f{t)\\ 
with equality iff 

(10.50) / f{t)dt 

J a 



dt < 



f{t)dt 



m 



\\f(t)\\dt\Y.e,. 



Finally, we may state the following corollary of Theorem 18 [11]. 

Corollary 12. Let {H; (•, •)) be a Hilbert space over the real or complex num- 
ber field K and Ck G -ff\{0}, k G {l,...,m}. // / : [a, 6] H is a Bochner 
integrable function on [a, b] and Mk > /^^ > 0, A; e {1, . . . , m} are such that either 



(10.51) 

or, equivalently 
(10.52) 



Re (MfeCfe -f{t),f (t) - MfcCfe) > 



<^{Mk-l^k)\\ek\\ 



for each k G {1, . . . , m} and a.e. t G [a, b] , then 



(10.53) 



\\fmdt< 



IIEfeLiefel 



Em 



f{t)dt 
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The case of equality holds if and only if 

Proof. Utilising Lemma 2, by (10.51) we deduce 



l/WH ^' V?^ l|efc||<Re(/(t),efe) 



for each k £ {1, . . . , m} and a.e. t € [a, 6] . 
Applying Theorem 18 for 



r.:=^-^INI, ke{l,...,m} 



we deduce the desired result. 



11. Additive Reverses of the Continuous Triangle Inequality 

11.1. The Case of One Functional. The aim of this section is to provide 
a different approach to the problem of reversing the continuous triangle inequality. 
Namely, we are interested in finding upper bounds for the positive difference 



f\\f(t)\\dt- f f{t)dt 

J a J a 



under various assumptions for the Bochner integrable function / : [a, b] X. 

In the following wc provide an additive reverse for the continuous triangle 
inequality that has been established in [8] . 

Theorem 19 (Dragomir, 2004). Let {X, ||-||) be a Banach space over the real 
or complex number field K and F : X — > K &e a continuous linear functional of unit 
norm on X. Suppose that the function f : [a, 6] — > X is Bochner integrable on [a, b] 
and there exists a Lebesgue integrable function k : [a, b] [0, oo) such that 

(11.1) \\fm-ReF[f{t)]<k{t) 

for a.e. t G [a,b] . Then we have the inequality 



(11.2) 



(o<) / Wfmdt- 



/ f{t)dt < k{t)dt. 

J a J a 



The equality holds in (11-2) if and only if hath 



(11.3) 

and 

(11.4) 



(r^«*)Hl/.' 



f{t)dt 



(r 



f{t)dt 



umdt- 



k (t) dt. 
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Proof. Since the norm of F is unity, then 

|F(a;)| < for any x G X. 

Applying this inequahty for the vector / (t) dt, we get 

l-b 



(11.5) 









f f{t)dt 


> 




J a 







f{t)dt 



> 



Re F / (t) dt 
/ ReF[f{t)]dt > / ReF[f{t)]dt. 

J a J a 



Integrating (11.1), we have 
(11.6) 



/ \\f{t)\\dt-ReFlf f{t)dt]<f k{t)dt. 

Now, making use of (11.5) and (11.6), we deduce (11.2). 

Obviously, if the equality hold in (11.3) and (11-4), then it holds in (11.2) 
as well. Conversely, if the equality holds in (11.2), then it must hold in all the 
inequalities used to prove (11.2). Therefore, we have 

f\\f{t)\\dt = Re F{ff{t)dt\ +fk{t)dt. 



and 



Re 



F 



f{t)dt 



f{t)dt 



f (i) dt 



which imply (11.3) and (11.4). 



Corollary 13. Let {X, ||-||) be a Banach space, [•, •] : XxX ^ K a semi-inner 
product which generates its norm. If e G X is such that \\e\\ = 1, / : [a,b] ^ X 
is Bochner integrable on [a, b] and there exists a Lebesgue integrable function k : 
[a, b] — > [0, oo) such that 

(11.7) (0<)||/(i)||-Re[/(i),e]<A;(i), 
for a.e. t G [a, b] , then 



(11.6 



(o<) umdt 



f f{t)dt < [ 

J a J a 



k (t) dt. 



where equality holds in (11.8) if and only if both 



(11.9) 


/ f{t)dt,e 




f f{t)dt 




[ f{t)dt,e 

J a 




f f{t)dt 

J a 



k {t) dt. 
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The proof is obvious by Theorem 19 appUed for the continuous hnear functional 
of unit norm Fe : X ^ K, Fg (x) = [x, e] . 
The following corollary may be stated. 

Corollary 14. Let {X, ||-||) be a strictly convex Banach space, and [•,•], e, /, 
k as in Corollary 13. Then the case of equality holds in (11-8) if and only if 

fb rb 

(11.10) 



/ \\fmdt> I k{t)dt 

J a J a 



and 

(11.11) 



f fit) 

J a 



dt ■ 



wfmdt 



fk{t) 

J a 



dt e. 



Proof. Suppose that (11.10) and (11.11) are valid. Taking the norm on (11.11) 

we have 



f{t)dt 



f Wfmdt - [ k{t)dt ||e||= / \\f{t)\\dt- f k{t)dt, 

a J a J a J a 



and the case of equality holds true in (11.8). 

Now, if the equality case holds in (11.8), then obviously (11.10) is valid, and 
by Corollary 13, 



/ 



f{t)dt,e 



f{t)dt 



Utilising Theorem 7, we get 



(11.12) 



/* 

J a 



f (t) dt = Xe with A > 0. 



Replacing f {t) dt with Xe in the second equation of (11.9) we deduce 



(11.13) 



Wfmdt- 



k {t) dt, 



and by (11.12) and (11.13) we deduce (11.11). 



Remark 11. If X = H, {H; {■,■)) is a Hilhert space, then from. Corollary 14 
we deduce the additive reverse inequality obtained in [7]. For further similar results 
in Hilbert spaces, see [7] and [9]. 

11.2. The Case of m Functionals. The following result may be stated [8]: 

Theorem 20 (Dragomir, 2004). Let {X, ||-||) be a Banach space over the real 

or complex number field K and Fk : X ^ K, k {l,...,m} continuous linear 
functionals on X. If f : [a, b] ^ X is a Bochner integrable function on [a, b] and 
Mk : [a, b] [0, oo), fc G {1, . . . , m} are Lebesgue integrable functions such that 

(11.14) ||/(t)||-ReFfe[/(t)]<Mfe(t) 
for each k G {1,. . . , m} and a.e. t G [a, b] , then 

(11.15) / wfm\dt< -Y.Pk / f{t)dt Mk{t)dt. 
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The cas 

(11.16) 

and 



of equality holds in (11.15) if and only if both 



f (t) dt 



Proof. If we integrate on [a, h\ and sum over k from 1 to m, we deduce 



(11.18) / \\f{t)\\dt<-Y,^e fA f{t)dt\ +-E/ Mk{t)dt. 

Utilising the continuity property of the functionals and the properties of the 
modulus, we have: 



(11.19) 



Er^^M / 

fe=i V"'" 



/(t)dd < 



k=l 



Fk 



f{t)dt 



< 



< 



E^M / ■^(*)'^* 



E^^ 

fc=i 



/(i)'^i 



Now, by (11.18) and (11.19) we deduce (11.15). 

Obviously, if (11.16) and (11.17) hold true, then the case of equality is valid in 
(11.15). 

Conversely, if the case of equality holds in (11.15), then it must hold in all the 
inequalities used to prove (11.15). Therefore, we have 



/ \\fmdt^-J2Re fJ 

m 

^Re 



/ {t) dt 



^ m ^b 

-E/ Mk{t)dt, 

m 

E^^ 



fc=i 



fit)dt 



f{t)dt 



fe=i 



and 



El- 

/c=l 



Fk / f{t)dt 



0. 



These imply that (11.16) and (11.17) hold true, and the theorem is completely 
proved. | 

Remark 12. If Fk, k e {l,...,m} are of unit norm, then, from (11.15) we 
deduce the inequality 

f.b fh 1 ^ j*h 

(11.20) / \\f{t)\\dt< / f{t)dt +-E/ Mk{t)dt, 

which is obviously coarser than (11.15) but, perhaps more useful for applications. 
The following new result may be stated as well: 
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Theorem 21. Let {X, ||-||) he a Banach space over the real or complex number 
field and Fk : X ^ IK. k G {l,...,m} continuous linear Junctionals on X. 
Assume also that f : [a,b] ^ X is a Bochner integrable function on [a, b] and 
Mk : [a, b] [0, oo), k £ {1, . . . , m} are Lebesgue integrable functions such that 



(11.21) 



\\f{t)\\-ReFk[f{t)]<Mk{t) 



for each k & {1, . . . , m} and a.e. t £ [a, b] . 

(i) If Coo is defined by (c^o), then we have the inequality 



(11.22) 



\\f{t)\\dt<c. 



/ f{t)dt +-Y1 / Mk{t)dt. 

J a 1^ f.^-^ J a 



(a) If Cp,p > 1, is defined by (cp) , then we have the inequality 



turn 

J a 



dt < 



m 



i/p 



f{t)dt 



-E / Mk{t)dt. 



The proof is similar to the ones from Theorem 13 and 20 and we omit the 

details. 

The case of Hilbert spaces, in which one may provide a simpler condition for 
equality, is of interest in applications [8] . 

Theorem 22 (Dragomir, 2004). Let {H, (•, •)) be a Hilbert space over the real 
or complex number field K and Ck € H, k € {1, . . . ,m} . If f : [a,b] ^ H is a 
Bochner integrable function on [a, b], f (t) ^ for a.e. t G [a, b] and Mk : [a, b] — > 
[0, oo), k G {1, . . . , m} is a Lebesgue integrable function such that 

(11.23) \\f{t)\\-Re{f{t),ek)<Mk{t) 
for each k G {1, . . . , m} and for a.e. t G [a, b] , then 

(11.24) / \\fmdt< -J2ek f{t)dt+-J2 Mk(t)dt. 

J a k=l "^fe^l-^" 

The case of equality holds in (11.24) */ '^'nd only if 



(11.25) 
and 
(11.26) 



/ f{t)dt = 

J a 



pb 1 ^ nb 

/ ll/(i)l|rfi>-E / ^-^W^* 

m{Sl\\f{t)\\dt-^X':=J>k{t)dt) 



Proof. As in the proof of Theorem 20, we have 



E^fe- 



fe=i 



(11.27) 



1 



/c=l 



\\f(t)\\dt<Rel-Y,ek, fit)dt) + -J2 W 



fe=i 



and Ylk=i 0- 
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On utilising Schwarz's inequality in Hilbert space {H, (•, •)) for / (t) dt and 
Y,k=i ^k, we have 



(11.28) 



J a 



dt 



k=l 



/ r 

( / f{t)dt,Y,ek 
fc=i 

/ f{t)dt,Y,ek 
"^^ fc=i 

J fit)dt,J2ek 



By (11.27) and (11.28), wc deduce (11.24). 

Taking the norm on (11.26) and using (11.25), we have 



tfit) 

J a 



dt 



{il\\fmdt~^j:Zii>'^it)dt) 



showing that the equality holds in (11.24). 

Conversely, if the equality case holds in (11.24), then it must hold in all the 
inequalities used to prove (11.24). Therefore we have 

(11.29) \\f{t)\\=Re{f{t),ek)+Mk{t) 

for each k G {1, . . . , m} and for a.e. t € [a, b] , 



(11.30) 

and 

(11.31) 



f{t)dt 



Im 



/ fit)dt,J2ek 
K-'" fe=i 



/ /(i)rfi,E' 

V"- k=l 



efc ) = 0. 



From (11.29) on integrating on [a, h] and summing over fc, we get 



(11.32) Re(/ f{t)dt,Y,ek) =m ||/ (t)|Mt - / Mk{t)dt. 

On the other hand, by the use of the identity (3.22), the relation (11.30) holds if 
and only if 

giving, from (11.31) and (11.32), that (11.26) holds true. 

If the equality holds in (11.24), then obviously (11.25) is valid and the theorem 
is proved. | 

Remark 13. // in the above theorem, the vectors {efc}^g|^ are assumed 
to be orthogonal, then (11.24) becomes 

(11.33) / \\fmdt<-{^\\e,f) / f{t)dt ^''(i^dt. 

^ Vfe=l J Ja fe^i Ja 
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Moreover, if {ekJk^^i is an orthonormal family, then (11.33) becomes 



(11.34) 



ril/(*)ll 

•/ a 



dt < 



1 



f{t)dt 



Mk {t) dt 



which has been obtained in [4] . 

The following corollaries are of interest. 

Corollary 15. Let {H; (•, •)), e/c, fc e {1, . . . , m} and f be as in Theorem 22. 
If rk ■ [a, b] [0, oo), k G {1, . . . , m} are such that rk & L'^ [a,h] , k € {1, . . . , m} 
and 

(11.35) \\f{t)-ek\\<rk{t), 
for each A; e {1, . . . , m} and a.e. t G [a, b], then 



(11.36) 



\\fm\dt< 



^ m 

-E 



fe=i 



f{t)dt 



fe=i 



The case of equality holds in (11.36) if and only if 



and 



I 

.J a 



b m 

f{t)dt=- 



{C\\fmdt-^nuCri{t)dt 



\\2^k=i^k\\ 

Finally, the following corollary may be stated. 



fe=i 



Corollary 16. Let {H; (•, •)), e^, fee {1, . . . ,to} and f be as in Theorem 22. 
If Mk, Hk ■■ [a, b]^R are such that Mk > Hk > a.e. on [a, b] , G L [a, b] 

and 

Re {Mk (i) ek-f{t),f {t) - (0 e/t) > 
for each k G {1, . . . , m} and for a.e. t G [a, b] , then 



wfmdt < 



— T 

dm ^-^ 



efe 



fe=i 



/ (t) dt 



[Mk (t) - Mfc {t)f 
„ Mk {t) + Mfc {t) 



dt. 



12. Applications for Complex- Valued Functions 

We now give some examples of inequalities for complex- valued functions that 
are Lebesgue integrable on using the general result obtained in Section 10. 

Consider the Banach space (C, |-|j^) and F : C ^ C, F (z) = ez with e = a + i(3 
and |e| =0^ + 0^ = 1, then F is linear on C. For 2; ^ 0, we have 



\F{z)\ 



Rez|V |Imz|^ 
IRe^;! + llm^;! 



< 1. 
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Since, for zq = 1, we have \F (zo)| = 1 and \zo\i = 1, hence 

\F{z)\ 



li :=sup^- 



1, 



showing that F is a bounded linear functional on (C, 

Therefore we can apply Theorem 15 to state the following result for complex- 
valued functions. 

Proposition 7. Let a,/3 G M with + = 1, f : [a,b] ^ C be a Lebesgue 
integrable function on [a, b] and r > such that 

(12.1) r[|Re/(i)| + |Im/(i)|]<aRe/(t)-/3Im/(i) 

for a.e. t G [a,b] . Then 



(12.2) r 



f 

J a 



\R.ef{t)\dt 



\lrnf{t)\dt 



< 



The equality holds in (12.2) if and only if both 



a / Ref{t)dt 



J a 



luYf{i)dt = r 



Re / {t) dt 



\Ref{t)\dt 



Imf{t)dt 



|Ini/(t)|dt 



and 



pb rb pb pb 

a Ref{t)dt-/3 lmf{t)dt= / Ref{t)dt+ / Im/(t) 

J a J a J a J a 



dt 



Now, consider the Banach space (C, H^o) • If ^ (^) = with d = 7 + i(5 and 
\d\ = i.e., 7^ + (5^ = i, then F is linear on C. For z 7^ we have 



\F{z)\ \d\\z\ V2 V|Rez|' + |Imz|' 



2 max {|Re z| , |Im z|} 



< 1. 



Since, for zq = 1 + «, we have \F {zo)\ = 1, \zo\^ = 1, hence 

||F|U:=sup^ = l, 

showing that F is a bounded linear functional of unit norm on (C, Hoq). 

Therefore, we can apply Theorem 15, to state the following result for complex- 
valued functions. 

Proposition 8. Let 7, 5 e M with 7^ + (5^ = i, / : [a, 6] ^ C 6e a Lebesgue 
integrable function on [a, b] and r > such that 

rmax{|Re/(f)|,|Im/(<)|}<7Re/(f)-5Im/(i) 

for a.e. t G [a, b] . Then 

pb 



(12.3) r / max{|Re/(t)| ,|Im/(t)|}dt 

J a 



< max ■ 



Re / (t) dt 



f 



Im. f{t)dt 
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The equality holds in (12.3) if and only if both 



pb ph pb 

/ Ref{t)dt-d lmf{t)dt = r max{|Re/ , |Im/ 

J a J a J a 



dt 



and 

7 



nb nb I nb 

/ Ref{t)dt-S Im f (t) dt = max I / Re/ 

Ja Ja I Ja 



{t)dt 



lmf{t)dt 



Now, consider the Banach space ^C, H2p) with p > 1. Let F : C — > C, F (z) = 
cz with |c|=22p~2 (j)>l). Obviously, F is linear and by Holder's inequality 



\F{z)\ _ 2-^—-^\Rez\^ + \lmz^ 

1 S J^- 



I2p 



(iRe^l'^ + IIm^l^^)^" 



Since, for = 1 + * we have \F {zo)\ = 2p , |2:o|2p = 2^^ (p > 1) , hence 



^Il2p := sup 



\F{z)\ 



^7^0 \Z\2p 



showing that F is a bounded linear functional of unit norm on ^C, H2p) ) (p > 1) • 
Therefore on using Theorem 15, we may state the following result. 

Proposition 9. Let ip,(t>&'R with ip'^ + (j)'^ = 2^~i {p > 1) , f : [a,b] ^ C be 
a Lebesgue integrable function on [a, b] and r > such that 

|Re / (0 1 + |Im / (t) I < ^ Re / (t) - Im / (t) 
for a.e. t £ [a, b] , then 



(12.4) 



Re/(i)|'^ + |Im/(i)| 



2p 



dt 









2p 




2p- 


2p 


< 




I I{jef{t)dt 

J a 


+ 


I Im f{t)dt 

J a 




. (P>1) 



where equality holds in (12.4) if o.'f^d only if both 



if / Ref{t)dt 



lmfit)dt = r I |Re/(t)|'P + |Im/(f)| 



|2p 



dt 



and 



pb pb 

(f / Ref{t)dt-(t) / lmf{t)dt 

J a J a 







2p 




2p- 




I Ref{t)dt 


+ 


I lmf{t)dt 






J a 




J a 





Remark 14. Ifp = l above, 

r|/(i)| <(^Re/(i)-VIm/(t) for a.e. te[a,b], 
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provided ip, tp and tp^ + ■0^ = > 0, then we have a reverse of the classical 



continuous triangle inequality for modulus: 

i-b rb 



rl \f{t)\dt< I f 

J a J a 



{t)dt 



with equality iff 



pb pb pb 

/ Ref{t)dt-jp lmf{t)dt = rj \f {t)\dt 

J a J a J a 



and 



rb rb 

ip Re/(i)dt-V / Ira f{t)dt 

J a J a 



f (t) dt 



If we apply Theorem 19, then, in a similar manner we can prove the following 
result for complex- valued functions. 

Proposition 10. Let a,/3 G R with + = 1, /, fc : [a,b] C Lebesgue 
integrable functions such that 

\Ref {t)\ + \Imf {t)\< aRe fit)- pim fit) +k{t) 

for a.e. t £ [a,b] . Then 



pb pb pb 

(0<) / \Ref{t)\dt+ / \lmfit)\dt- / Ref{t)dt 

J a J a J a 



lmf{t)dt 
< I k{t)dt. 

J a 



Applying Theorem 19, for (C, |-|^) we may state: 
Proposition 11. Let 7,5 e M with 7^ + 6' 



^, /, fc : [a, 6] C Lebesgue 



integrable functions on [a, b\ such that 

max {|Re / (0 1 , |Im / (0 1 } < 7 Re / (i) - 5 Im / (t) + A; {t) 
for a.e. t G [a,b] . Then 



(0<)/ max{|Re/(i)MIm/(i)|}rft- 

J a 



■ max ' 



Re / (t) dt 



f Im f{t)dt 

J a 

< I k{t)dt. 

Finally, utilising Theorem 19, for ^C, \-\2pj with p > 1, we may state that: 

Proposition 12. Let ip,(t) eR with (p'^ + (t)^ = 2^~i ip> 1) , f,k : [a,b] ^ C 
be Lebesgue integrable functions such that 



Ref{t)f^ + \Imfit)r <^Refit)-<t>Imf{t) + k{t) 



|2p 2p 



REVERSES OF THE TRIANGLE INEQUALITY 



47 



for a.e. i G [a, b] . Then 

rb 



(0<) / 



Re/(i)|'P + |Im/(i)| 



2p 



Rc / {t) dt 



dt 

2p 



lmf{t)dt 



2p 



< 



I k {t) dt. 

J a 



Remark 15. If p — 1 in the above proposition^ then, from 

<(pRe/(i)-VIm/(i)+A;(i) for a.e. te[a,b], 

provided (p^tp € R and p^ + ijp' = 1, we have the additive reverse of the classical 
continuous triangle inequality 

rb pb i-b 

\dt. 



(0<) / \f{t)\dt- [ f{t)dt < f kit) 
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